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binomial coefficients, Lucas sequences, power residues and special binary qua-
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1. Notation.

Let Z and N be the sets of integers and positive integers respectively.

b, c € Z the Lucas sequences {U, (b, c)} and {V,,(b,c)} are defined by

(1.1)

and

(1.2)

Uo(b, C) = 0, Ul(b, C) = 1,
Up+1(b,c) = bUy,(b,c) — cUp—_1(b,c) (n > 1)

V()(b, C) = 2, V1 (b, C) = b,
Vat1(b,c) = bV (b, ¢) — cVy—1(b,c) (n > 1).

Let d = b? — 4c. Tt is well known that for n € N,

(1.3)

and

(1.4)

1 f(bEVd\" _ (b=Vd\" :
Un(b,@:{ﬂ (55" = (%)} i#d#0,

(5)m 1 if d =0

3

V(b c) =

Vayn | b—
) ()

For



Let [x] be the greatest integer not exceeding z, and let (%) be the Jacobi
symbol. For m € Z with m = 2%m(2 { mg) we say that 2% || m and mg is the
odd part of m. For t € Z let

1 i8]t
o(t) = .
-1 if 81¢.

For an integer m and odd prime p with p{m let

Zim =3 G52 (1))

n=0 k=0

2. Conjectures on power residues.
In 1980 and 1984 Hudson and Williams proved the following result.

Theorem 2.1. Letp =1 (mod 24) be a prime and hence p = c®+d? = 2%+ 3y?
for some c¢,d,x,y € Z. Suppose c =1 (mod 4).
(i) (HW]) If c = £(—-1)% (mod 3), then 3”5 = +1 (mod p).

y

(i) ([H]) Ifd= £(—1)¥ (mod 3), then 35 =+

d
C
Hudson and Williams proved Theorem 2.1(i) by using the cyclotomic num-
bers of order 12, and Hudson proved Theorem 2.1(ii) using the Jacobi sums of
order 24.

In [S3] the author posed the following conjectures similar to Theorem 2.1.

Conjecture 2.1 ([S3, Conjecture 9.1]). Let p = 13 (mod 24) be a prime
and hence p = 2 +d? = 2%+ 3y? for some ¢, d,x,y € Z. Suppose c =1 (mod 4),
= 2%, y = 2%yy and o = yo = 1 (mod 4). Then

450 _ +% (mod p) if x = £c (mod 3),
B :Fg—i’ (mod p) if z = +d (mod 3).

(mod p).

Conjecture 2.1 has been checked for all primes p < 20, 000.

Conjecture 2.2 ([S3, Conjecture 9.2]). Let p = 1,9,25 (mod 28) be a
prime and hence p = ¢ + d? = x® + Ty? for some c,d,x,y € Z. Suppose
c=1 (mod 4), x = 2%, y = 2Py and 29 = yo = 1 (mod 4).
(i) If p=1 (mod 8), then
—(=1)% (mod p)  if7]e,
TF =4 (13 (modp)  if7|d,
:F(—l)%g (mod p) if c=+d (mod 7).
(ii) If p=5 (mod 8), then
—% (mod p) if7|c,
7% ={ ¥ (mod p) if 7 d,

$g—i’ (mod p) if c=+d (mod 7).

Conjecture 2.2 has been checked for all primes p < 20, 000.
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Conjecture 2.3 ([S3, Conjecture 9.7]). Let p = 1,9 (mod 20) be a prime
and hence p = ¢ +d? = 2% +5y? for some c,d,xz,y € Z. Suppose c =1 (mod 4)
and all the odd parts of d,x,y are congruent to 1 modulo 4.
(i) If p=1 (mod 8), then
£2sl { +(—1)26(y) (mod p)  if x = £c (mod 5),
5 =

§(y)2 (mod p) if z = +d (mod 5).

INISREFN[-Y

+(=1)

(ii)) If p=5 (mod 8), then
PR { :I:(S(a:)c—z (mod p) if x = ¢ (mod 5),
- | F(z)¥ (mod p)  if z ==+d (mod 5).

Conjecture 2.3 has been checked for all primes p < 20, 000.
Conjecture 2.4 ([S3, Conjecture 9.8]). Let p = 1,9 (mod 40) be a prime
and hence p = ¢ + d? = 22 + 10y? for some c,d,z,y € Z. Suppose ¢ = x =
1 (mod 4). Then

Cc

55 (mod p)  if # = +c (mod 5).

o1 { +(=1)it* 7 € (mod p) ifz = +d (mod 5),
d

Conjecture 2.5 ([S3, Conjecture 9.9]). Letp =1,9,17,25,29,49 (mod 52)
be a prime and hence p = c® + d?> = 22 + 13y? for some c,d,z,y € Z. Suppose
¢ =1 (mod 4) and all the odd parts of d,x,y are congruent to 1 modulo 4.

(i) If p=1 (mod 8), then

= y)¢ (mod p) if 2834 = +1 43,49 (mod 13),
)36(y) (mod p)  if 2E34 = £2 45 46 (mod 13).

(ii) If p=5 (mod 8) then

13558 +5(z)¥ (mod p)  if 2539 = +£1, 43, 49 (mod 13),
8 =
+£5(z) 2 (mod p) if 213 = £2 45 +6 (mod 13).

cx

Conjecture 2.6 ([S3, Conjecture 9.16]). Let p = 1 (mod 4) be a prime
and p = 2 + d* = 22 + 17y? for some c,d,z,y € Z. Suppose ¢ = 1 (mod 4)
and all the odd parts of d,x,y are numbers of the form 4k + 1.

(i) If p=1 (mod 8), then

—(—1)%+%% (mod p) if 4c + d = +6x,+7x (mod 17),
+%44 (mod p)  if 4c+ d = +3z, 5z (mod 17),
+% (mod p) if 4c +d = +x, +4x (mod 17),

—(=1)5+% (mod p)  ifdc+ d = +£2x, +8z (mod 17).

178 =



(ii) If p =5 (mod 8), then

(=1)*Z (mod p) if 4c +d = £6x, £7x (mod 17),
—(=1)*% (mod p) if4c+d = £3z,£52 (mod 17),
(-1)*% (mod p)  if 4c+d = +x, +4x (mod 17),

cx

—(—l)xi—z (mod p) if dc+d = +2x,4£8x (mod 17).

Conjecture 2.7 ([S5, Conjecture 4.3]). Let p = 1 (mod 4) and ¢ =

3 (mod 8) be primes such that p = ¢* + d? = 22 + qy* with ¢,d,x,y € Z and

q | cd. Suppose c=1 (mod 4), z = 2%, y = 2Py and x9 = yo = 1 (mod 4).
(i) If p=1 (mod 8), then

b1 _ +(—1)% (mod p) if © = ¢ (mod q),
T T R )5 (mod p) if o = £d (mod g).

(ii) If p=>5 (mod 8), then
b5 { +2 (mod p) if © = ¢ (mod q),

:F(—l)%f—g (mod p) if z = +d (mod q).

Conjecture 2.8 ([S5, Conjecture 4.4]). Let p = 1 (mod 4) and ¢ =

7 (mod 16) be primes such that p = c® + d? = 2? + quy® with ¢,d,z,y € Z and

q| cd. Suppose c=1 (mod 4), x = 2%, y = 2Py and xo = yo = 1 (mod 4).
(i) If p=1 (mod 8), then

qp;:{<—1>i (mod p) ifq|d,
- L=(=1)% (modp) ifq]c.

(ii)) If p=5 (mod 8), then

| 8k

1385:{ (mod p)  ifqld,
4 o % (mod p) ifq]c.

Conjecture 2.9([S5, Conjecture 4.5]). Let p =1 (mod 4) and ¢ = 15 (mod 16)
be primes such that p = ¢>+d? = 2% +qy? with ¢, d,x,y € Z and q | cd. Suppose
c=1 (mod 4), x = 2%, y = 2Pyo and 29 = yo = 1 (mod 4).

(i) If p=1 (mod 8), then T = (=1)% (mod p).

(ii) If p=5 (mod 8), then qu_s = ¥ (mod p).

Conjectures 2.7-2.9 have been checked for all primes p < 100,000 and ¢ <

100.
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Conjecture 2.10 ([S3, Conjecture 9.5]). Let p = 1 (mod 4) be a prime,
bEZ,21b,p#b2>+4 and p=c?+d* = 2° + (b*> +4)y? for some c,d,x,y € Z.
Suppose ¢ =1 (mod 4) and all the odd parts of d,x,y are numbers of the form
4k 4+ 1.

(i) If 4 1 xy, then

(b+% ‘721:_<b—% 2ol
2 a g . —
—(—=1)72 (mod p) if2| z and b=1,3 (mod 8),

= (—1)%% (mod p) if 2 ||  and b=5,7 (mod 8),
1 (mod p) if 2 y.
(ii) If 4 | zy, then
b+ Go\ T b— G\
( 2 ) :< 2

(=1)* (mod p) ifd]y,
4 (mod p) if4|x andb=1,3 (mod 8),
(=1)%<4 (mod p)  if4|x and b=5,7 (mod 8).

We remark that Conjectures 2.1-2.10 have been solved by the author under
some restricted conditions in [S9].

3. Conjectures on Lucas sequences.

Conjecture 3.1 ([S3, Conjecture 9.4]). Let p = 1 (mod 4) be a prime,
beZ,21bandp=c*+d*> =22+ (b*> +4)y> # b> + 4 for some c,d,z,y € Z.
Suppose ¢ =1 (mod 4) and all the odd parts of d,x,y are numbers of the form
4k + 1.

(i) If 41 zy, then

(—1)%2? (mod p)  if2 | x and b=1,3 (mod 8),
UpT—l(b, -1) = —(—1)%2% (mod p) if2 || z and b=5,7 (mod 8),
%% (mod p) 2y

(ii) If 4 | zy, then
2(-1)F (modp)  if4]y,
VpT—l (b,—1) = —2(—1)%% (mod p) if4|x and b=1,3 (mod 8).
2(-1)% < (mod p) if 4| x and b=5,7 (mod 8).

Conjecture 3.1 has been checked for 1 < b < 60 and p < 20,000. When p =
1 (mod 8), b = 1,3 and 4 | y, the conjecture Ve (b,—1) = 2(—1)% (mod p)
is equivalent to a conjecture of E. Lehmer. See [L, Conjecture 4].

By (1.3) and (1.4), Conjecture 3.1 is equivalent to Conjecture 2.11. By [S3],

Conjectures 2.3 and 2.5 are consequences of Conjecture 3.1.
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Conjecture 3.2 ([S3, Conjecture 9.11]). Let p = 1 (mod 4) be a prime,
beZ,b=4 (mod8), p#b2/4+1andp=c®+d*> = 2%+ (1 +b*/4)y? for
some ¢,d,x,y € Z. Suppose ¢ =1 (mod 4) and all the odd parts of d,z,y are
numbers of the form 4k 4+ 1. Then

(—1) +5Y (mod p) if2 || =,

Usa (0,=1)= {2 (mod p) 21y
0 (mod p) if 4| xy
and dy
2(—1)3t% (mod p) if 4y,
Voor (b, =1) = ¢ 2(-1)5 *5¢ (mod p) if 4]z,
0 (mod p) if 41 wy.

Conjecture 3.2 has been checked for 1 < b < 100 and p < 20, 000.

Conjecture 3.3 ([S3, Conjecture 9.14]). Let p = 1 (mod 4) be a prime,
beZ,8|bp#b/d+1andp = c*+d* = 2°> + (1 + b*/4)y? for some
c,d,x,y € Z. Suppose ¢ = 1 (mod 4) and all the odd parts of d,x,y are
numbers of the form 4k + 1. Then

0 (mod p) if 4| zy,
Upi—l(b,—]_) E{ (271) dy .
i —(=1)7V¥EE (mod p) if 4fay
and dzy b .
Vies (b, —1) = { A-1)FFHHE (mod p) i 4| ay,
R ~ 1 0 (mod p) if 41 xy.

Conjecture 3.3 has been checked for 1 < b < 100 and p < 20,000. By [S3],
Conjecture 3.3 implies Conjecture 2.6.

Conjecture 3.4 ([S3, Conjecture 9.17]). Let p = 1 (mod 4) be a prime,
beZ,b=2(mod4), p#b>/4+1andp = c+d?> = 2% + (1 + b?/4)y?
for some c,d,z,y € Z. Suppose ¢ = 1 (mod 4), x = 2%, y = 2°%yy and
xo =yo =1 (mod 4). Then

Uaos (b, —1) = { (-1 (mod p) 2]y,
! 0 (mod p) if4ly
and 0 q o
Vs (b, 1) E{ (mod py) Z.f Iy,
: 2(=1)a"% (mod p) if4]y.

Conjecture 3.4 has been checked for 1 < b < 100 and p < 20,000. By [S3],
Conjecture 3.4 implies Conjecture 2.4.
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Conjecture 3.5 ([S5, Conjecture 4.1]). Let p be an odd prime and k € N
with 21 k. Suppose p = 2% + (k* + 1)y? for some x,y € Z. Then
()T ()" (mod p) ik =5.7 (mod 8)
_ g — 4 mo ) = 9, mo y
VPTH (2k,—1) = P

—1
(P52t

—(-1)—"5 (-2)" (mod p) ifk=1,3 (mod 8).

Conjecture 3.5 has been checked for all £ < 60 and p < 20,000. The case
k =1 has been solved by the author in [S3].

Conjecture 3.6 ([S5, Conjecture 4.2]). Let p be an odd prime and k € N
with 21 k. Suppose 2p = x> + (k? + 4)y? for some x,y € Z.
(i) If k=1,3 (mod 8), then
1) ) mod p)  ifk=1,11 (mod 16)
— 5 —2)"* (mo if k=1, mo ,
VPTH (k,—1) = b

—1
(B5=y2-1

—(-1)—"F (=2)"% (mod p) ifk=3,9 (mod 16).
(ii) If k =5,7 (mod 8), then

(Ely)2-1 .
4

(—1)—"= 2" (mod p) ifk=5,15 (mod 16),
1

p—1 .2
(5—y)"-1 ,

—(=1)7= 27 (mod p) ifk=7,13 (mod 16).

VPTH (k,—1) =

Conjecture 3.6 has been checked for all £ < 60 and p < 20,000. The case
k =1 was posed by the author in [S1] and solved by C.N. Beli in [B].

Conjecture 3.7 ([S6, Conjecture 5.1]). Let p > 7 be a prime such that
p=1,2,4 (mod 7) and so p = C% +7D? with C,D € Z.
(i) If p=1 (mod 4) and C =1 (mod 4), then

(p—1)/2 2%\ 2
Z (k:) Uk(16,1) = 0 (mod p?),

k=0

(p—1)/2 2%\ 2 B

> (k) Vi(16,1) = (—1)"7 (4C — %) (mod p?).
k=0

(ii) If p=3 (mod 4) and D =1 (mod 4), then

(p—1)/2 2
2%k ez /16 4p ,
) 16.1)= (-5 (=2p - £
P (k) Ur(16,1) = (1) (3 21D> (mod p7),

(p—zl)/Z <2:>2Vk(16, 1) = (_1)1’71 <84D _ 35])) (mod p?).

k=0

In [S6], the author proved the congruences modulo p.
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Conjecture 3.8 ([S6, Conjecture 5.2]). Let p > 3 be a prime such that
p=1,3,4,9,10,12 (mod 13). Then

(p—1)/2 2%\ 2
> (k) Ur(11,1) = 0 (mod p).

k=0

4. Conjectures on supercongruences.
In 2003, Rodriguez-Villegas|[RV]| posed many conjectures on supercongru-
ences. In particular, he conjectured that for any prime p > 3,

p—1

{ (5)(42* — 2p) (mod p?) if p = 2® + y? with 21 z,
k 1613 — 2 e
o 1728 3k 1kt 0 (mod p?) if p=3 (mod 4)
L (4k)!
k.14
— 256~ k!
_ { 422 — 2p (mod p?) if p=1,3 (mod 8) and so p = 2% + 22,
~ | 0 (mod p?) if p=5,7 (mod 8)
and
p—l (3k) { 42 — 2p (mod p2) if3|p—1andp= 2 + 3y2,
k=0 108k ~ 1 0 (mod p?) if3|p—2.

The three conjectures have been solved by E. Mortenson[M] and Zhi-Wei Sun[Su2].
Recently my twin brother Zhi-Wei Sun made a lot of conjectures on super-
congruences. Inspired by his work in [Sul], the author made the following
conjectures.

Conjecture 4.1 ([S4, 2.1]). Letp =1 (mod 4) be a prime and so p = x> +y>
with 21 x. Then

In [S6], the author proved the congruence modulo p. When p = 3 (mod 4),

the author proved S2_¢ 6&;5;‘,4 =0 (mod p?) in [S8].

Conjecture 4.2 ([S4, 2.2]). Letp =1 (mod 3) be a prime and so p = x*>+3y>.
Then

p—1
= 42 — 2p (mod p?).

OM

144 kk:'4

In [S6], the author proved the congruence modulo p. When p =5 (mod 6),

the author proved Y 47_, % =0 (mod p?) in [S8].
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Conjecture 4.3 ([S4, 2.3]). Let p =1,2,4 (mod 7) be an odd prime and so
p =22+ Ty%. Then

—1
2 2
Z 3969 kk"‘l =4z — 2p (mod p?).

In [S6], the author proved the congruence modulo p. When p = 3,5,6 (mod 7)

the author proved Y h_, % = 0 (mod p?) in [S8].

Conjecture 4.4 ([S4, 2.4]). Letp =1 (mod 4) be a prime and so p = x*+y?
with 21 z. Then

p—1

6k)! ,
kZ:O 663’“((313)%!3 = (33>(4x — 2p) (mod p7).

In [S7], the author proved the congruence modulo p. When p = 3 (mod 4)
the author proved Y 7_, % =0 (mod p?) in [S8].

Conjecture 4.5 ([S4, 2.5]). Let p = 1,3 (mod 8) be a prime and so p =
2% 4 2y%. Then

p—1

6k)! -5 5 )
Z 2031:((3]2)”{7!3 = (?) (4z* — 2p) (mod p~).
k=0

In [ST7], the author proved the congruence modulo p. When p = 5,7 (mod 8)

the author proved Y 7_, 203,5?3% =0 (mod p?) in [S§].

Conjecture 4.6 ([S4, 2.6]). Letp =1 (mod 3) be a prime and so p = x*>+3y>.
Then

p—1

p) > ,
kz_o 54000k 3]<; 113 <5 (427 — 2p) (mod p)

In [S7], the author proved the congruence modulo p. When p =5 (mod 6)

the author proved Y 7_, m =0 (mod p?) in [S8].

Conjecture 4.7 ([S4, 2.7]). Let p > 5 be a prime. Then

p—1

(6k)!
(—12288000)% (3k)!k13

k=0
B { (19Y(L? — 2p) (mod p?) if p=1 (mod 3) and so 4p = L? + 27TM?,
o

(mod p?) if p=2 (mod 3).



Conjecture 4.8 ([S4, 2.8]). Let p =1,2,4 (mod 7) be an odd prime and so
p =22+ Ty%. Then

p—1

M

£~ (~15) 3k 3/<: A (15><4‘C 2p) (mod p°).

In [S7], the author proved the congruence modulo p. When p = 3,5,6 (mod 7),

the author proved Y 7_, % =0 (mod p?) in [S8].

Conjecture 4.9 ([S4, 2.9]). Let p=1,2,4 (mod 7) be an odd prime and so
p=x2+ Ty%. Then

U k) , ,
kz_o 2555 (3k) KIS (355) (42 = 20) (mod #?).

In [S7], the author proved the congruence modulo p. When p = 3,5,6 (mod 7),

the author proved y 7_, mgﬁ% =0 (mod p?) in [S8].

Conjecture 4.10 ([S4, 2.10]). Let p > 3 be a prime. Then

pz (o) ()
k

— 1458

B { 42% — 2p (mod p?) if p=1 (mod 3) and so p = 22 + 3y?,
0 (mod p?) if p=2 (mod 3).

Conjecture 4.11 ([S4, 2.11]). Let p > 5 be a prime. Then

S (0 ()
— 153k

422 — 2p (mod p?)  if p=1,4 (mod 15) and so p = z2 + 1592,
=< 2p— 1222 (mod p?) if p=2,8 (mod 15) and so p = 322 + 5y?,

0 (mod p?) if p="7,11,13,14 (mod 15).
Conjecture 4.12 ([S4, 2.12]). Let p > 3 be a prime. Then

p—1 (Qk) 2 (Sk)
GG

422 — 2p (mod p?) if3|p—1, p=2a?+3y? and 1055

1
. p—1 T
=< p—222 £6zy (mod p?) if3|p—1,p=22+3y? and 105 E%(—l:Fg

0 (mod p?) if 3| p—2.

If p is a prime of the form 3k + 1 and so p = x? + 3y? with =,y € Z, by [S2,
Corollary 4.4] we have 10 =1 (mod p) if and only if 5 | zy.
10



Conjecture 4.13 ([S6, Conjecture 5.3]). Let p = 1 (mod 12) be a prime
and p = a® + 4b* = A2 + 3B? witha = A =1 (mod 4). Then

(p—1)/6 (6k)2 B

p—11 p P
3k - 2 2
kgzo 165 = (—1) 3<2a+4A oa > (mod p*).

In [S6], the author proved the congruence modulo p.
For an integer m and odd prime p with p{m let

Sym =53 (1)

n=0 k=0

Recently Zhi-Wei Sun [Sub] investigated congruences S,(m) (mod p?) and re-
vealed the connections with binary quadratic forms and series for % Now we

introduce the sum
p—1 (Qn) n n 3
Zm =320 S ()

n=0 k=0

Then we have the following conjectures concerning Z,(m) modulo p?.

Conjecture 4.14. Let p be an odd prime. Then

422 — 2p (mod p?) ifp=2a?+y*>=1 (mod 12) with 6 | y,

2p — 422 (mod p?) ifp=a?+y? =1 (mod 12) with 6 | z — 3,
4(F)xy (mod p?)  if p=a®+y* =5 (mod 12),

0 (mod p?) if p=3 (mod 4).

Z,(—16) =

Conjecture 4.15. Let p be an odd prime. Then

(5)(42* —2p) (mod p?) ifp=2®+2y*>=1,3 (mod 8),

Z,(96) = { 0 (mod p2) if p=5,7 (mod 8).

Conjecture 4.16. Let p > 5 be a prime. Then

422 — 2p (mod p?) if p= 2%+ 3y? =1 (mod 3),

%00 = { 0 (mod p?) ifp=2 (mod 3).

Conjecture 4.17. Let p > 5 be a prime. Then

422 — 2p (mod p?) if p=1,9 (mod 20) and so p = z* + 592,
Z,(16) =< 222 —2p (mod p?) if p=3,7 (mod 20) and so 2p = z* + 5y?,
0 (mod p?) if p=11,13,17,19 (mod 20).

11



Conjecture 4.18. Let p > 3 be a prime. Then
422 — 2p (mod p?) if p=1,7 (mod 24) and so p = x? + 6y,
Z,(32) = ¢ 8z% —2p (mod p?) if p=75,11 (mod 24) and so p = 222 + 3y?,
0 (mod p?) if p=13,17,19,23 (mod 24).

Conjecture 4.19. Let p > 7 be a prime. Then
422 — 2p (mod p?)  if p=a?+15y% = 1,19 (mod 30),
Zy(5) = Z,(—49) = 2p — 1222 (mod p?) if p= 3z + 5y* = 17,23 (mod 30),
0 (mod p?) if p=17,11,13,29 (mod 30).

Conjecture 4.20. Let b € {7,11,19,31,59} and

(112 ifb=1,
—400 ifb=11,
F(b) = { —2704 ifb=19,

—24304  if b =31,
\ —1123600 f b = 59.
If p is a prime with p # 2,3,b and pt f(b), then
(42% —2p (mod p?)  if p =2 + 3by?,
2p — 1222 (mod p?) if p = 322 + by?,
Zy(f(b)) =< 2% —2p (mod p?)  if 2p = 2® + 3by?,
2p — 622 (mod p?)  if 2p = 3x% + by?,
0 (mod p?) if (—st) =—1.

\

Conjecture 4.21. Let b€ {5,7,13,17} and

320  ifb=5,
896  ifb=T,
10400 if b =13,
39200 if b= 17.
If p is a prime with p # 2,3,b and pt f(b), then
(4a® —2p (mod p?)  if p = 2® + 6by?,
827 — 2p (mod p?) i p = 22% + 3by?,
Z,(f(b)) =< 2p—122% (mod p?) if p = 3x* + 2by?,
2 — 2427 (mod p?) if p— 627 + by,
| 0 (mod p?) if (%) = -1,

fb) =
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Conjecture 4.22. Let p > 3 be a prime. Then

p—1 n 3
> 9n5: - (?) > <Z) = (g)p (mod p*) for p>5,

:Z:) 57;6::2 (2:) éo <Z)3 = 2p (mod p),

:g: e (?) ;O (Z)S = 2(_?1)19 (mod p*) for p#5,
55 (DB () = G et

SUS (1) = (B)e ot g5

M7
S
oo
g:
3+
—_
wW
N
[\
S 3
El
I s
(@]
VR
E
N———
[

13(2)p (mod p?) for p#7,

p—1 n 3

102n + 11 (2n n D 9

el 511<—> d 5,13
nZB 104007 (n)kz_o(k> 39)P (mod %) for p+#

Conjecture 4.23. Let p > 3 be a prime. Then

3
% (2:) (Z) = 2(217))]9 (mod p?) for p#7,
k=0

L8550+ 109 (20 < (n)° -1 2
020 () on) t  p1

”Zl 5851 4 58 (2n
2o (—24304)7 \ n ) &

3 J—
(Z) E58p<%) (mod p?) for p#7,31.
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Conjecture 4.24. Let p > 5 be a prime. Then

S R (L) () =)

k=

p—1
133k + 8 2K\ [3Kk\ (6k\ __ /—255 !
ZW(k)(%>(3k>:8p< D >(m0dp> for p#17,

k=0
Pl o8k +3 3K\ /6k
Z 203k ( )(k‘) <3k3> =3 _) (mOd p2)7
k=0
S (RS e
k=0
11k: +1 3k\ [6k\
e 2 S1000F ( )(k) <3k;> - > (mod p7),
p—1

506k + 31 2k\ (3k —-30
=31p(—>) (mod p?).
< (~12288000)F (k)(kz)( ) p{— ) (mod )
Conjecture 4.25. Let p > 5 be a prime. Then

5 (D0

k=

Ml
N
=Dl
ot
T
| ~
cols
< [T
—
/_I\
wc»alm
~
/\l
wcr:l
~~
n
B~
N—
B

(£)(2x — £) (mod p?)  if p=a?+ 152,
—(5)(10z — %) (mod p?) if p = 5a? + 3y,
mod p) if p= 17,23 (mod 30)

and so
. (p—5)/6 ,p_2 p—5 i
2) = 3 6 _ a2 2
2x<3) = g—o ( L )( L )( 4)" (mod p) for p=5x"+ 3y°.

Conjecture 4.26. Let p > 3 be a prime. Then

p=l (=5 (~s oy (&)1 PZ(Ey (8
kzzo(k;lgk)z<5>22 kzzo(k;ik)
(2)(2z — £) (mod p?) ifp=2a®+6y*>=1,7 (mod 24),
=19 (£)(2z—£) (mod p*) ifp= 22"+ 3y>=5,11 (mod 24),
0 (mod p) if p=13,19 (mod 24)

o 1 P 2D/6 rpm2y o5y
:1:(5)5—1 (Z)(E)Q_’f(mOdP) for p=22%+3y>.
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Conjecture 4.27. Let p > 3 be a prime. Then

S GHGH _ ary iy SRS DG
R =
—(5)(@ = %) (mod p?)  if dp = 2? +51y°,
=4 1(5)(A7z - 2) (mod p?) if 4p = 1722 + 3y?,
0 (mod p) if () =—(f) =1

z\ _ 1 P22\ (P3N ] 5 oo
x(g):—z kz_o (k:)(k)m(modp) for 4Ap =17z 4 3y~°.

Conjecture 4.28. Let p > 3 be a prime. Then

Pl (—4) (-4 B pol =3y (-3
S0 = () () S L)
—(5)(@ = &) (mod p?)  ifdp=a?+123y°,
=q (%) (A1lz —2) (mod p?) if dp = 412? + 3y?,
0 (mod p) if (5) = —(f) =1
and so

(p=5)/6 ,p—2\ ,p=5
x<§> _— g 3 6 )L (mod p) for 4p = 41z* + 3y?
37 732 & \ &k )\ k) (-1020)F P P= v

Conjecture 4.29. Let p > 3 be a prime. Then

”i 508 ( ) (250001> S Z’Z‘:l HH
= (=250000)% 250000 — (—250000)F
—(5)(z — 2) (mod p?) if 4p = 22 + 26742,
=1 25(£)(892 — &) (mod p?) if 4p = 89z* + 3y,
0 (mod p) if (2)=—(&)=1
and so
(p=5)/6

;c(f) =23 Z 1%2 ]%5 _ (mod p) for 4p = 8922 4 3y?
3/~ 500 k k ) (—250000)k '

15



Conjecture 4.30. Let p > 5 be a prime. Then
p—1
> () ()
— k k ) (—80)
p—1
E@)Z -3\ (—8)_1
p/ =\ k k ) (—80)F

p

r — 2 (mod p?) if p=1,19 (mod 30) and so 4p = z* + 75y* with 3 | v — 2,

€T

0 (mod p) if p=17,23 (mod 30)

Conjecture 4.31. Let p > 11 be a prime such that ({5) = 1 and so 4p =
22 +11y%. Then

k=0 k=0
- { —(FHEEL) () (@ - B) (mod p?) i3] p—1,
—L(FEEY) 11y — 2) (mod p?) if 3| p—2
and so
—11+4+ (&)x/y
y( (11) / >
p

1 B0 o2\ sp=5N\ o7k
— 1 (li)< k >(1_6) (mod p) for 4p=a®+11y* =2 (mod 3).

Conjecture 4.32. Let p =1 (mod 3) be a prime and so 4p = L* +27M? with
3| L—2. Then

Conjecture 4.33. Let p=1,3 (mod 8) be a prime and so p = ¢ + 2d* with
4| c—1. Then

> (E)

) (mod p?) if p=1,19 (mod 24),
(—D)IEI (L) (10d — 22) (mod p?) if p = 11,17 (mod 24).

5z — £ (mod p?) ifp=7,13 (mod 30) and so 4p = 252% + 3y* with 3 |z — 1,



Conjecture 4.34. Let p be a prime such that p = 1 (mod 3), 4p = L? +
27TM?*(L,M € Z) and L =2 (mod 3). Then

p—1 1\ 2 D
-3 k:L__ 2
kz_o(k)Q_ L(modp)

Conjecture 4.35. Let p be a prime of the form 4k + 1 and so p = x? + y?
with 4 | x — 1. Then

> (_/})2(—8)’“ = ()7 (2 - 57) (mod p?)

T

and

=yl {( Do~ £) (mod?)  ifp=1(mod)
(1) ( —QL) (mod p?) if p=>5 (mod 8).

_ { (-1 T+ (24— &) (mod p?) ifp=1 (mod 12),
B ( T+%7 (6B — 35) (mod p*) if p=7 (mod 12).

and

pzl 5 { (—1)* 7 (24— &) (mod p?) if p=1 (mod 12),
(=1)"z (3B —45) (mod p?) ifp=7 (mod 12).

Conjecture 4.37. Let p > 2 be a prime such that p = 1,2,4 (mod 7) and so
p =22+ Ty%. Then

p—1 ( ) 64k = { (%)(_1) 7 (2x — %) (mod p2> ifp=1 (mod 4),
(3)(~1)"7 (42y — 3£) (mod p*) if p=3 (mod 4)

an

= (22 — £) (mod p?)  ifp=1 (mod 4),
%(—1)%(’@ — 1) (mod p?) ifp=3 (mod 4).

17



Conjecture 4.38. Let p be a prime such that p = 5,7 (mod 8). Then

41

p—1 1 2 (_1) 2 (2x — %) (mOd p2> pr — an + 2y2 = 1 (mOd 8)7
DD =0 (-1 (dy - £) (mod p?) if p=a? +2y° =3 (mod 8),
k=0

0 (mod p) if p=>5,7 (mod 8).

For the results related to Conjectures 4.25-4.38, see [S10].

Conjecture 4.39. Let p be an odd prime.
(i) If p=1 (mod 4) and so p = z? + y? with 21 x, then

St =X (‘5) ()2

<1>" e ) (med p?) i 12| p—1,
2y—%(modp2) if 12 | p— 5.

Mi

(ii) If p=3 (mod 4), then
p—l 1 —1 1

k=0

-« (715)( 5) — (_1)1’7—1 ;:2:1 (715)(713)

(—3) 81k
k=0 k=0
_{Zx—%(modpz) ifp=12>4+y?>=1 (mod 4) and 21 x,
0 (mod p) if p=3 (mod 4).

Conjecture 4.41. Let p be an odd prime. Then

p—l —Z —7>

k=0
2x—%(modp) if p=a?+y?>==+1 (mod 5) and 2 1 x,
=<{ 2 —%(modp) if p=12?+y?> =42 (mod 5) and 21t z,
0 (mod p) if p=3 (mod 4).

18



Conjecture 4.42. Let p > 5 be a prime. Then
p—1

> ()0
:{0(_3;) S

Conjecture 4.43. Let p > 5 be a prime. Then

Ghis

E{QA—ﬂ(modp)

0 (mod p) if p=2 (mod 3).

Conjecture 4.44. Let p > 5 be a prime. Then
1y,
GG
(—4)%
()24 - F5) (mod p?)

p—1

) ey

k=0

=

=< (5)(A+3B - A+3B) (mod p?)
ifp=A%2+3B?=1 (mod 3) with A/B =
0 (mod p) if p=2 (mod 3).

Conjecture 4.45. Let p > 5 be a prime. Then

5 (V) <;§><-3>k -5 CACH S Lach

L -GE G

ifp=A%2+3B%=1 (mod 3) with3| A—1,

if p= 2%+ 2y* with x =1 (mod 4),
if p=>5,7 (mod 8).

ifp=A%2+3B?>=1 (mod 3) with 5| AB and 3| A —1,

—1,—2 (mod 5) and 3| A—1,

ity <_%) <__> (_i)‘“ _ { 24 — 2 (mod p?) ifp=A%+3B%>=1 (mod 3),

— 125/ | 0 (mod p) if p=2 (mod 3).
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